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Abstract
The hyperspaces of strongly countable dimensional compacta of positive dimension and of strongly countable dimensional
continua of dimension greater than 1 in the Hilbert cube are homeomorphic to the Hurewicz set of all nonempty countable closed
subsets of the unit interval [0,1]. These facts hold true, in particular, for covering dimension dim and cohomological dimension
dimG, where G is any Abelian group.
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1. Introduction
R. Cauty [3] proved that the space of all differentiable functions f : I = [0,1] → R with the “sup” norm is home-
omorphic to the Hurewicz set H= {C ∈ 2I : |C| ℵ0}. H. Gladdines and J. van Mill [6] showed that the hyperspace
of locally connected continua in the cube I 3 is homeomorphic to the infinite Cartesian power of the pseudoboundary
of the Hilbert cube. Both the papers used the powerful method of absorbers. We apply some of their ideas to prove
that the hyperspaces of all strongly countable dimensional compacta in I∞ of dimension  k  1 and of all strongly
countable dimensional continua in I∞ of dimension  k  2 are homeomorphic to H. In this paper, by dimension
of a space X we mean true dimension D(X) in the sense of Dobrowolski and Rubin [5] which includes the covering
dimension and the cohomological dimension with respect to any Abelian group.
The previous version of the paper concerned strong countable dimensional compacta only in the classical sense
of covering dimension dim. However, the analogous concept of strong countable cohomological dimension is also
important and has been recently studied in [1].
We are grateful to the referee for all remarks that improved the paper, especially for indicating articles [1,5] and
observing that the results can be formulated in a much more general setting for any true dimension.
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All spaces in the paper are metric separable. A subset D of a complete space Z is analytic if D is the continuous
image of a Borel subset of a complete space; D is coanalytic if Z \ D is analytic. The set D is (co)analytic complete
if D is (co)analytic and for any (co)analytic subset C of a complete space Y with dimY = 0 there is a continuous
mapping ξ :Y → Z (called a reduction of C to D) such that ξ−1(D) = C [7]. Clearly, a (co)analytic complete set
cannot be Borel [7, p. 169].
The hyperspaces 2X of all nonempty compact subsets of X and C(X) ⊂ 2X of all nonempty continua in X are
equipped with the Hausdorff metric
dH (K,L) = inf
{
ε > 0: K ⊂ B(L; ε) and L ⊂ B(K; ε)},
where B(A; ε) stands for the open ε-ball about the subset A in X. Recall that 2I k and C(Ik) are homeomorphic to the
Hilbert cube I∞, where I = [0,1] and k ∈ N ∪ {∞} [4].
The reader is referred to [5] for the concept and basic properties of true dimension D(X) of a space X. A space is
strongly countable dimensional if it is a countable union of closed finite dimensional (in the sense of true dimension)
subsets. Since n = D(In)  D(I∞), the Hilbert cube is infinite dimensional and, by the Baire category theorem,
it is not strongly countable dimensional. Consequently, no strongly countable dimensional space contains a Hilbert
cube. Denote by SCDk(I∞) and SCDk ∩C(I∞) the hyperspaces of all strongly countable dimensional compacta and
continua in I∞ of dimension at least k, considered as subspaces of 2I∞ and C(I∞), respectively.
The following lemma was formulated in [8] in the context of covering dimension but the same proof works for any
true dimension.
Lemma 2.1. [8] SCDk(I∞) and SCDk ∩C(I∞) are coanalytic complete.
Let NN be the Baire space of all infinite sequences of natural numbers and let N<N be the countable set of all
nonempty finite sequences of natural numbers. If σ ∈ N<N ∪ NN, then |σ | denotes the length of σ (if σ ∈ NN then
we put |σ | = ∞). If n ∈ N and n |σ |, then σ  n denotes the partial finite sequence of the first n elements of σ . We
write σ < σ ′ for σ,σ ′ ∈ N<N if σ ′ is an extension of σ .
Lemma 2.2. [3, Lemma 1.5] If X is a complete space and A ⊂ X is analytic, then there exists a function S :N<N → 2X
such that A =⋃σ∈NN⋂∞n=1 S(σ  n) and S(τ) ⊂ intS(τ ′) for τ ′ < τ .
Let X be a Hilbert cube with a metric d (i.e., a space homeomorphic to I∞). Recall that a closed subset B of X is
a Z-set in X if
for any ε > 0 there exists a continuous mapping f :X → X such that
f (X)∩B = ∅ and d˜(f, idX) = sup
{
d
(
f (x), x
)
: x ∈ X}< ε. (Z)
A subset B ⊂ X is called a σZ-set in X if B is the countable union of Z-sets in X. Observe that B is a σZ-set in X
if and only if B is an Fσ -set in X and condition (Z) holds.
In this paper, the key notion of an absorber in a Hilbert cube for a given class of spaces is restricted to the class Π11
of coanalytic spaces. Following [6], we say that a subset D of a Hilbert cube X is a Π11 -absorber in X provided that
(1) D ∈ Π11 ;
(2) D is contained in a σZ-set in X;
(3) D is strongly Π11 -universal, i.e., for each coanalytic subset M of I∞ and for each compact set K ⊂ I∞, any
embedding f : I∞ → X such that f (K) is a Z-set in X can be approximated arbitrarily closely (in the “sup”
metric d˜) by an embedding g : I∞ → X such that g(I∞) is a Z-set in X, g|K = f |K and g−1(D) \K = M \K .
Lemma 2.3. [6] If D ⊂ X and D′ ⊂ X′ are Π11 -absorbers in Hilbert cubes X and X′ then there exists a homeomor-
phism h :X → X′ such that h(D) = D′.
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Lemma 2.4. The Hurewicz set H is a Π11 -absorber in 2I .
We need the following lemma.
Lemma 2.5. ([6, Section 5], [9, Corollary 4.2.24] and [10]) There exist continuous deformations
H0 : 2I
∞ × I → 2I∞ and H :C(I∞)× I → C(I∞)
such that, for any A and t > 0, the set H0(A, t) is finite and H(A, t) is a graph.
Remark 2.6. For the reader’s convenience, we recall that, in order to get the deformation H , we may assume that H0
satisfies the additional conditions
• dH (A,H0(A, t)) 2t ,
• H0(A, t) ⊂ [t,1 − t]n
for (A, t) ∈ 2In × [0, 12 ], and then define
H(A, t) = H0
(
A,
1
2
t
)
∪
⋃
a,b∈H0(A, 12 t)
(
ab ∩ (B(a; t)∪B(b; t))),
where ab denotes the segment from a to b and B(a; t) is the closed ball at a of radius t . The construction of H follows
an idea from [6, Section 5] (see [10] for more details).
Denote by O(a; r) the circle in R2 with center a and radius r . For each q = (qi) ∈ I∞, let
ri(q) = 4−(i+1)(1 + qi), ai =
(−1 + 2−i ,0) ∈ R2
and
θ0(q) =
([−1,0] × {0})∪O((−1
2
,0
)
; 1
2
)
∪
∞⋃
i=1
O
(
ai; ri(q)
)⊂ [−1,0] × [−1,1].
The set θ0(q) is the union of countably many mutually disjoint circles and of the diameter segment of the largest
circle. It is easy to see that the mappings
θ0 : I∞ → C
([−1,0] × [−1,1]) and
θ : I∞ → C([−1,0] × [−1,1] × I∞) (2.1)
defined by θ(q) = θ0(q)× {0}, where 0 = (0,0, . . .) ∈ I∞, are embeddings [10].
The following lemma is proved in [10] (see also the constructions in [6]).
Lemma 2.7. Let S ∈ {C(I∞),2I∞} and θ be the embedding from (2.1). Suppose A⊂ S is a coanalytic set such that
(1) for each coanalytic subset M ⊂ I∞ there exists a continuous mapping ξ : I∞ → S such that ξ−1(A) = M and
(2) for every ε ∈ [0, 12 ], for each finite graph Γ ⊂ [ε,1 − ε]∞ in S with straight line edges, for each nonempty subset
T of vertices of Γ and for each continuum C ∈ θ(I∞), the union
Γ ∪
⋃
v∈T
(
v + εC + εξ(x))
belongs to A if and only if x ∈ M .
Then A is strongly Π11 -universal in S .
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form A × {0}, where A ⊂ [−1,1]n, are identified with the sets {(xn) ∈ [−1,1]∞: (x1, . . . , xn) ∈ A and 0 = xn+1 =
xn+2 = · · ·}. The addition and scalar multiplication that appear in the formula for the set in condition (2) above are
understood as usual linear operations. Observe that, since the sets εC and εξ(x) are sufficiently small, the union in
(2) is a subset of [0,1]2 × I∞ = I∞.
If f : I∞ → S is a continuous embedding as in the definition of the strong Π11 -universality (see condition (3)),
then we can use the deformation H from Lemma 2.5 to approximate f by a continuous mapping g0 : I∞ → S , which
coincides with f on a fixed compact set K and maps every point of I∞ \ K onto a finite graph with straight line
edges. Attaching to all vertices of g0(q), q ∈ I∞ \ K , the copies of θ(q) and ξ(q) we obtain an embedding g(q): the
graph g0(q) stands for a “frame”, the copies of θ(q) guarantee the injectivity, whereas the copies of ξ(q) make g a
reduction.
3. Main results
Theorem 3.1. The hyperspaces SCDk(I∞) and SCDk+1 ∩ C(I∞) are Π11 -absorbers in the Hilbert cubes 2I
∞
and
C(I∞), respectively.
Proof. The families SCDk(I∞) and SCDk+1 ∩C(I∞) are coanalytic by Lemma 2.1.
Covering by σZ-sets. Since the hyperspaces Dn(I∞) ⊂ 2I∞ of all compacta of dimension  n and Dn+1 ∩
C(I∞) of all continua of dimension  n + 1 are Fσ -subsets of 2I∞ (see [5, Corollary 3.3]) and SCDk(I∞) ⊂
D1(I∞) and SCDk+1 ∩ C(I∞) ⊂ D2 ∩ C(I∞), it is enough to verify condition (Z) for B = D1(I∞) and
X = 2I∞ or B = D2 ∩ C(I∞) and X = C(I∞). By Lemma 2.5, the mapping f (A) = H0(A, δ), where δ is small
enough, satisfies condition (Z) for B = D1(I∞) and X = 2I∞ ; to get (Z) for B = D2 ∩ C(I∞) and X = C(I∞),
we can use the mapping f (A) = H(A, δ) for small δ.
Strong Π11 -universality.
For every coanalytic subset M ⊂ I∞, there exists a continuous mapping
ξ : I∞ → C(I∞) such that ξ−1(SCDk(I∞))= M. (3.1)
Indeed, let S :N<N → 2I∞ be as in Lemma 2.2 for A = I∞ \M .
Put λ〈k〉 ≡ 1 for all k ∈ N. For τ ∈ N<N with |τ | 2, let λτ : I∞ → [0,1] be a continuous function such that
λτ (q) = 1 for q ∈ S(τ),
λτ (q) = 0 for q /∈ intS
(
τ 
(|τ | − 1)),
0 < λτ (q) < 1 for q ∈ intS
(
τ 
(|τ | − 1)) \ S(τ). (3.2)
Define a family P = {Pτ ⊂ I 2: τ ∈ N<N} of squares as follows (see Fig. 1):
Put
P〈i〉 =
[
2−(2i−1),2−2(i−1)
]× [0,2−(2i−1)].
Suppose squares Pτ have been defined for all τ ∈ N<N of length  n such that
• one side of Pτ is contained in I × {0};
• if τ < τ ′ then Pτ ′ ⊂ Pτ ;
• if |τ | = |τ ′| and τ = τ ′, then Pτ ′ ∩ Pτ = ∅;
• diamPτ  2−|τ |.
Let hτ : I 2 → Pτ be the similitude which maps I × {0} onto Pτ ∩ (I × {0}) and let η be an element of N<N of length
n+ 1. We have η = 〈η  n, j 〉, for some j ∈ N. Put
Pη = hηn(P〈j〉).
For each σ ∈ NN and natural number n, consider the mappings ξnσ : I∞ → C(I∞) and ξn : I∞ → C(I∞) defined
by
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ξ1σ (q) =
(
I k × {0})∪ (Pσ1 × [0,1] × {0}),
ξn+1σ (q) = ξnσ (q)∪
(
Pσ(n+1) ×
(
n+1∏
i=1
[
0, λσi (q)
])× {0}
)
,
ξn(q) =
⋃
σ∈NN
ξnσ (q).
Observe that the mappings are continuous and
ξn(q) ⊂ ξn+1(q),
dH
(
ξn(q), ξn+1(q)
)
 2−(n+1).
It follows that the sequence (ξn)n∈N uniformly converges to a continuous mapping ξ such that
ξ(q) = (I k × {0})∪ ⋃
σ∈NN
∞⋃
i=1
(
Pσi ×
∞∏
i=1
[
0, λσi (q)
])
. (3.3)
We are going to show that ξ−1(SCDk(I∞)) = M . Suppose first that q /∈ M . There exists a sequence σ ∈ NN such that
q ∈ S(σ  n) for each n ∈ N. Thus, λσn(q) = 1 for each n. The diameters of squares Pσn tend to 0 if n → ∞, so the
intersection of the squares is a singleton {z} and ξ(q) contains a Hilbert cube of the form {z}× I∞. In this case ξ(q) /∈
SCDk(I∞). If q ∈ M , then, for each σ ∈ NN, there exists n such that q /∈ S(σ  n), i.e., the sequence (λσn(q))n∈N
eventually equals 0. Therefore, one can replace infinite sequences σ in the formula (3.3) with finite sequences. This
shows that the right-hand side of (3.3) is the countable union of finite dimensional cubes, so ξ(q) ∈ SCDk(I∞).
Now, observe that if A= SCDk(I∞) or A= SCDk ∩C(I∞), where k ∈ N, then A and the mapping ξ from (3.1)
satisfy the hypotheses of Lemma 2.7. Indeed, condition (1) of Lemma 2.7 is just (3.1) and the union in condition (2) of
the lemma belongs to SCDk(I∞) if and only if ξ(x) is in SCDk(I∞) if and only if x ∈ M . The strong Π11 -universality
of A follows from that lemma. 
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Corollary 3.2.
(1) Each of the hyperspaces SCDk(I∞) and SCDk+1 ∩C(I∞) is homeomorphic to the Hurewicz set H.
(2) The complements of the hyperspaces, i.e. the sets 2I∞ \SCDk(I∞) and C(I∞)\SCDk+1(I∞) are homeomorphic
to 2I \H.
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